The main goals and methodology
Economics and Finance: Global challenges. The creation and protection of financial wealth is one of the most important roles of modern societies. People will confine to work hard and save for future generations only if they can be sure that the efforts they exert every day will be rewarded by a better standard of living. This, however, can only be achieved with a well-functioning financial market.
Unfortunately, a breakdown of the financial system as in the great financial crisis of 2007 and 2008 destroys the trust in this important social arrangement. To avoid such crises we need to improve our understanding of financial markets that, so far, has been built on totally unrealistic assumptions about the behaviour of people acting in them. The most fundamental and at the same time the most questionable in modern Economic Theory is the hypothesis of full rationality of economic agents who are assumed to maximize their utility functions subject to their individual constraints, or in mathematical language, solve well-defined and precisely stated constrained optimization problems.
Evolutionary Behavioural Finance. The general objective of this direction of research is the development of a new interdisciplinary field Evolutionary Behavioural Finance (EBF) , that combines behavioural and evolutionary approaches to the modelling of financial markets. The focus of study is on fundamental questions and problems pertaining to Finance and Financial Economics, especially those related to equilibrium asset pricing and portfolio selection. Models of market dynamics and equilibrium that are developed in the framework of EBF provide a plausible alternative to the conventional approach to asset pricing based on the hypothesis of full rationality and are aimed at practical quantitative applications.
The question of price formation in asset markets is central to Financial Economics. Among the variety of approaches addressing this question, one can observe two general and well-established theories: one deals with basic assets and the other focuses on derivative securities. Models for the pricing of derivative securities were developed in the last three or four decades, following the "BlackScholes revolution". They were based on new ideas, led to the creation of a profound mathematical theory and became indispensable in practice. At the same time, the only general theory explaining the formation of the prices of basic assets, whether stock or equity, appears to be the Arrow-Debreu General Equilibrium (GE) analysis in a financial context (Radner [53] ). It relies upon the Walrasian paradigm of fully rational utility maximization, going back to Leon Walras, one of the key figures in the economic thought of the 19th century. Although equilibrium models of this kind currently serve as the main framework for teaching and research on asset pricing, they do not provide tools for practical quantitative recommendations and moreover they do not reflect a number of fundamental aspects of modern financial markets. Their crucial drawback is that they do not take into account the enormous variety of patterns of real market behaviour irreducible to individual utility maximization, especially those of an evolutionary nature: growth, domination and survival.
GE theory for the 21st century. EBF develops an alternative equilibrium paradigm, which can be called Behavioural Equilibrium, that abandons the hypothesis of full rationality and admits that market participants may have a whole range of patterns of behaviour depending on their individual psychology. Investors' strategies may involve, for example, mimicking, satisficing, and rules of thumb based on experience. They might be interactive: depending on the behaviour of the others, and relative: taking into account the comparative performance of the others. Objectives of the market participants might be of an evolutionary nature: survival (especially in crisis environments), domination in a market segment, or fastest capital growth. The evolutionary aspect is in the main focus of the models developed in the EBF. A synthesis of behavioural and evolutionary approaches makes it possible to obtain rigorous mathematical results identifying strategies that guarantee survival or domination in a competitive market environment.
In the EBF models, the notion of a short-run price equilibrium is defined directly in terms of a strategy profile of the agents, and the process of market dynamics is viewed as a sequence of consecutively related short-run equilibria. Uncertainty on asset payoffs at each period is modelled via an exogenous discrete-time stochastic process governing the evolution of the states of the world. The states of the world are meant to capture various macroeconomic and business cycle variables that may affect investors' behaviour. The traders use general, adaptive strategies (portfolio rules), distributing their current wealth between assets at every period, depending on the observed history of the game and the exogenous random factors. One of the central goals is to identify investment strategies that guarantee the long-run survival of any investor using them, in the sense of keeping a strictly positive, bounded away from zero, share of market wealth over the infinite time horizon, irrespective of the investment strategies employed by the other agents in the market. Remarkably, it turns out to be possible to provide a full characterization of such strategies, give explicit formulas for them and show that they are essentially, within a certain class, asymptotically unique.
This approach eliminates a number of drawbacks of the conventional theory. In particular, it does not require the assumption of perfect foresight (see Magill and Quinzii [44] , p. 36) to establish an equilibrium and most importantly, the knowledge of unobservable individual agents' utilities and beliefs to compute it. It is free of such "curses" of GE as indeterminacy of temporary equilibrium and the necessity of coordination of plans of market participants, which contradicts the very idea of equilibrium decentralization. It opens new possibilities for the modelling of modern financial markets, in particular on the global level, where objectives of an evolutionary nature play a major role. [4-6, 9, 23-30, 35, 36] . This research has already led to a substantial impact in the financial industry [23] .
Levels of behavioural modeling. It is important to distinguish between two different methodological levels of behavioural modelling:
• Individual level-analyzing individual's behaviour in situations involving risk.
• Interactive level-taking into account the dependence of an individual's actions on the actions of others and their influence on market dynamics and equilibrium. advanced aspect of behavioural modelling. This is the primary emphasis of the research area discussed in this article. To build models of strategic behavior in financial markets we propose new mathematical frameworks combining elements of stochastic dynamic games and evolutionary game theory.
The main strategic framework of our behavioural equilibrium models is that of stochastic dynamic games (Shapley [57] ). However, the emphasis on questions of survival and extinction of investment strategies in a market selection process links our work to evolutionary game theory (Weibull [60] , Hofbauer and Sigmund [37] ). The latter was designed initially for the modelling of biological systems and then received fruitful applications in economics. The notion of a survival portfolio rule, which is stable with respect to the market selection process, is akin to the notions of evolutionary stable strategies (ESS) introduced by Maynard Smith and Price [46] and Schaffer [55] . However, the mechanism of market selection in our models is radically distinct from the typical schemes of evolutionary game theory, where repeated random matchings of species or agents in large populations result in their survival or extinction in the long run. Standard frameworks considered in that field deal with models based on a given static game, in terms of which the process of evolutionary dynamics is defined. Players in such models follow relatively simple predefined algorithms, which completely describe their behaviour. Our model is quite different in its essence. Although the game solution concept we deal with-a survival strategy-is of an evolutionary nature, the notion of a strategy we use is the one which is characteristic for the conventional setting of dynamic stochastic games. A strategy in this setting is a general rule prescribing what action to take based on the observation of all the previous play and the history of random states of the world. Players are allowed to use any rule of this kind, possess all information needed for this purpose and have a clear goal: guaranteed survival.
Thus, the model at hand connects two basic paradigms of game theory: evolutionary and dynamic games [5, 6] .
Unbeatable strategies. The present game-theoretic framework has the following remarkable feature. One can equivalently reformulate the solution concept of a survival strategy in terms of the wealth process of a player, rather than in terms of his market share process. A strategy guarantees survival if and only if it guarantees the fastest asymptotic growth of wealth (almost surely) of the investor using it. This can be expressed by saying that the strategy is unbeatable in terms of the growth rate of wealth.
Nowadays, Nash equilibrium is the most common game solution concept. However, in the early days of game theory, the idea of an unbeatable (or winning) strategy was central to the field. At those times, solving a game meant primarily finding a winning strategy. This question was considered in the paper by Bouton [16] , apparently the earliest mathematical paper in the field. Borel [15] wrote:
"One may propose to investigate whether it is possible to determine a method of play better than all others; i.e. one that gives the player who adopts it a superiority over every player who does not adopt it." It is commonly viewed that finding an unbeatable strategy is a problem of extreme complexity that can be solved only in some exceptional cases for some artificially designed games such as the Bouton's game "Nim". However, in our practice-motivated context, this problem does have a solution, and this is apparently one of the first, if not the first, result of this kind possessing quantitative realworld applications.
The remainder of this paper is organized as follows. In Sections 2 and 3 we present the basic EBF model and the main results related to it. Section 4 focuses on a simplified version of the basic model.
In the last section we discuss some open problems and directions of further research.
The basic model
The data of the model. In this section we present (in a somewhat simplified form) the main EBF 
where E is the expectation with respect to the underlying probability P . Thus, at least one asset pays a strictly positive dividend at each state of the world and the expected dividends for all the assets are strictly positive.
Asset supply is exogenous: the total mass (the number of "physical units") of asset k available at date t is ) ( , , Equilibrium and dynamics. We examine the equilibrium market dynamics, assuming that, in each time period, aggregate demand for each asset is equal to its supply: (2) (All the variables with subscript t depend on 
Investors and their portfolios. There are N investors (traders)
(relative dividends). Equations (3), following from (1) and (2), make it possible to determine ) ,..., ( [34] and Grandmont [33] ). The former may be regarded as "equilibrium in actions", while the latter as "equilibrium in beliefs"; for a comparative discussion of these approaches see Schlicht [56] .
In the model we deal with, the dynamics of the asset market is modeled in terms of a sequence of temporary equilibria. At each date t the investors' strategies Samuelson's hierarchy of equilibrium processes. As it was noticed by Samuelson [54] , in order to study the process of market dynamics by using the Marshallian "moving equilibrium method," one needs to distinguish between at least two sets of economic variables changing with different speeds.
Then the set of variables changing slower (in our case, the set of vectors of the traders' investment proportions) can be temporarily fixed, while the other (in our case, the asset prices t p ) can be assumed to rapidly reach the unique state of partial equilibrium. Samuelson [54] writes about this approach:
I, myself, find it convenient to visualize equilibrium processes of quite different speed, some very slow compared to others.
Within each long run there is a shorter run, and within each shorter run there is a still shorter run, and so forth in an infinite regression. For analytic purposes it is often convenient to treat slow processes as data and concentrate upon the processes of interest. For example, in a short run study of the level of investment, income, and employment, it is often convenient to assume that the stock of capital is perfectly or sensibly fixed.
As it follows from the above citation, Samuelson thinks about a hierarchy of various equilibrium processes with different speeds. In our model, it is sufficient to deal with only two levels of such a hierarchy.
Continuous vs discrete time. The above approach to the modeling of equilibrium and dynamics of financial markets requires discretization of the time parameter. The time interval under consideration has to be divided into subintervals during which the "slow" variables must be kept frozen, while the "fast" ones rapidly reach a unique state of equilibrium. In this connection, discrete-time settings in our field are most natural for the modelling purposes, and attempts to realize similar ideas in continuous-time frameworks face serious conceptual and technical difficulties [51, 52] .
The main results
Assumption 1. Assume that the total mass of each asset grows (or decreases) at the same
) are the initial amounts of the assets. In the case of real assets-involving long-term investments with dividends (e.g., real estate, transport, communications, media, etc.) -the above assumption means that the economy under consideration is on a balanced growth path.
Relative dividends. Under the above assumption, the relative dividends of the assets
(see (4)) can be written as 
Theorem 2. If
is a basic survival strategy, then
Here, we denote by || ||  the Euclidean norm in a finite-dimensional space. Theorem 2 is akin to various turnpike results in the theory of economic dynamics, expressing the idea that all optimal or asymptotically optimal paths of an economic system follow in the long run essentially the same route:
the turnpike (Nikaido [50] , McKenzie [48] ). Theorem 2 is a direct analogue of Gale's turnpike theorem for "good paths" (Gale [32] ); for a stochastic version of this result see Arkin and Evstigneev [7] ). 
It is an easy exercise to show that a strategy is a survival strategy if and only if it is unbeatable.
Unbeatable strategies: a general definition [6] . Consider an abstract game of N players [55] ) -may be regarded as conditionally unbeatable strategies (the number of mutants is small enough, or they are identical). Unconditional versions of the standard ESS were considered by Kojima [40] .
A version of the basic model: Short-lived assets
Short-lived assets. We present a simplified version of the basic model in which assets "live" only one period. This model is more amenable for mathematical analysis and makes it possible to develop a more complete and transparent theory. It has often served as a "proving ground" for testing new conjectures regarding the basic one. Finally, it clearly demonstrates links of the present line of studies to some adjacent fields of research such as the classical capital growth theory with exogenous asset prices (Kelly [39] , Latané [41] , Thorp [59] , Algoet and Cover [2] , MacLean et al. [43] ). Horse race model. Consider the following toy model of an asset market (cf. Kelly [39] , Blume and Easley [14] ). The state space S consists of K elements: . The investment strategy maximizing the expected logarithm of the portfolio return is called the Kelly portfolio rule (Kelly [39] , Latané [41] , Thorp [59] , Algoet and Cover [2] , MacLean et al. [43] ). Thus in the example under consideration, the strategy   coincides with the Kelly rule. It is important to emphasize that this is a specific feature of the particular case under consideration. In the general case,   is a solution to a certain game, rather than a single-player optimization problem, and a direct counterpart of the Kelly rule does not exist.
Problems and prospects
We list several major topics for further research.
• Developing EBF models with endogenous asset supply, short selling and leverage.
• Constructing "hybrid" models in which assets with endogenous equilibrium prices, as well as assets with exogenous prices, are traded. The role of an asset of the latter type can be played, e.g., by cash with an exogenous (random or non-random) interest rate. Some progress in the analysis of such models was made in [2] .
• Developing "overlapping generations" models with a countable number of assets ,... 2 , 1  k each of which has its own life cycle starting from some moment of time k  and terminating at some later moment of time k  .
• Introducing the dependence of the dividends paid off at the end of the time period on the equilibrium prices, and consequently, on the total investment in the asset expressed in terms of these prices.
• Obtaining quantitative results on the rates of survival and extinction of portfolio rules in the spirit of those in [9] .
• Using the dynamic frameworks which are considered in EBF in more traditional settings: in models with finite time horizons and conventional solution concepts (utility maximization, Nash equilibrium).
• Introducing transaction costs and portfolio constraints into EBF models.
• Creating a universal version of EBF, that does not assume the knowledge of underlying probability distributions, similar to the theory of Cover's [17] universal portfolios.
• Conducting a systematic analysis of the notion of an unbeatable strategy in a modern gametheoretic perspective.
The above problems constitute a vast research programme requiring substantial efforts during a considerable time period. This programme might need for its realization the development of new conceptual ideas, modelling approaches and mathematical techniques. We do not expect in the nearest perspective a significant progress in all of the above directions of research, but we do expect substantial achievements in several of them, where some preliminary results have already been obtained.
